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Introduction

What and why TDA?

TDA (Topological Data Analysis) refers to a set of techniques that use
methods from algebraic topology to analyze data structures.

In Materials Data Science, an important property of materials is their

"shape” or "structure,” which can be effectively described using
topological algebra.
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The Foundation of TDA Persistent Homology

Definition (simplicial complex)

A O-simplex is a point, denoted by [vg]; a 1-simplex is an edge, denoted by
[Vo,v1]; a 2-simplex is a triangle, denoted by [vo,vi,v2]; a 3-simplex is a
tetrahedron, denoted by [vo,v1,v2,v3]; and so on for higher dimensions.

A simplicial complex is a collection of simplices that satisfy certain
conditions, often described as " fitting together nicely”.
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The Foundation of TDA Persistent Homology
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The Foundation of TDA Persistent Homology

We want to define an operator d that enables us to obtain the "boundary”
of a simplex or complex, for example:

(9 [v17v2av3>v4] - [Vl,VQ,V?,] - [v17v27v4] + [V17V3,V4] - [VQ,V3,V4] .

The minus signs ensure that every "face” is given a consistent
"orientation” .

3-simplex
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The Foundation of TDA Persistent Homology

Let K be a simplicial complex.

The k-th chain group of K, denoted Cy(K), is the free abelian group
whose generators correspond to the oriented k-simplices of K. That is,

Ck(K) = {Zaidi

1

a; € 7, o; is a k-simplex in K} .

The boundary operator J; : C¢(K) — Cr—1(K) is a group homomorphism
defined on a basis element [vg,vy,...,v] (an oriented k-simplex) by

k
ak([V(),V],...,vk]) = Z(—l)i[\/(),...,\//\i,...,vk],

i=0

where v; indicates that v; is omitted.
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The Foundation of TDA Persistent Homology

These boundary operators induce a sequence of abelian groups and
homomorphisms, known as the chain complex:

0 Ok
O ClR) P G (K) 2 - 2 o (k) 20,

which is called the simplicial chain complex.

Theorem

For the simplicial chain complex of complex K, we have
ko 0ky1=0

for all k.
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The Foundation of TDA Persistent Homology

Definition (homology)

The k-th homology group of K, denoted H;(K), is defined as the

quotient group
Hk(K) = kerak/im8k+1,

where kerdj is the group of k-cycles, and imdy| is the group of
k-boundaries.
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The Foundation of TDA Persistent Homology

By the structure theorem of finitely generated abelian groups, we have:

Theorem

For k-th homology group Hy(K), we have inner direct sum decomposition
Hy (K) = F @ tor (Hy (K)),

here F = 7P« B, € N, is called Betti number, and tor (H; (K)) is called
torsion subgroup, which is a finite group.

Betti number is a topological invariant, which can be used to distinguish
different topological spaces.

Example: The Betti number can be used to distinguish the shapes of

Fermi surfaces in different materials, indicating its connection to physical
properties such as conductivity.
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The Foundation of TDA Persistent Homology

Persistent Homology

SHNEE

The "holes” (simplices carrying information) birth and die as scale
parameter increases.
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The Foundation of TDA Persistent Homology

Persistent homology is an extended homology theory, which can be used to
better describe the topological structure of data when it comes to some
scale-dependent topological features.

Definition (persistent homology)

A filtration of complex K is a sequence of nested simplicial complexes:
GCKCKiC---CK, =K.
Define the persistent homology groups of K as:
HY =7, (K:) / (Bx (Kj) N Zi (K)),
and its corresponding persistent Betti numbers as:

B/ = dimH'.
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The Foundation of TDA GLMY Theory

GLMY theory is a homology theory specifically developed for directed
graphs, in contrast to ordinary homology theory, which applies only to
undirected graphs. It was introduced by Grigoryan, Lin, Muranov, and Yau
in 2012, and is named after its creators.

Example: If the directed edge 03 is not allowed in the given directed
graph, then d(013) =13 —03+01 is not a valid boundary. Ordinary
homology theory cannot handle this situation.
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Definition (GLMY homology)

Let G = (V,E) be a simple directed graph with vertices set
V ={vo,vi, -+ ,v,} and directed edges set E. Denote

Pn(G) ={(viy---vip) it # - # i} NE

as allowed n-paths and denoted A, (G) = spang %, (G) as the n-th path
space of G on field K. Denote

Q,(G)=A4,(G)Nd, A, 1(G)={x€A,(G): dx €A, 1 (G)}

as the maximal K-linear subspace of A, (G) such that d, can be
well-defined. Then the n-th GLMY homology group is defined as:

H,(G,K) =kerd,/imd,.
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The Foundation of TDA GLMY Theory

We can also define hybrid homology by intersecting GLMY homology and
persistent homology. This approach can be used to describe systems that
involve both scale parameters and directed edges.
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The Foundation of TDA Euler Characteristic

Euler characteristic is a topological invariant integer, which can be used to
distinguish different topological spaces.

Definition (Euler characteristic)

The Euler characteristic of a simplicial complex K is defined as:

where N; is the number of i-simplices in K.

Example: When it comes to 3-dimensional Euclidean space, we have
x=V—E+F,

where V is the number of vertices, E is the number of edges, and F is the
number of faces. We are familiar with this formula.
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The Foundation of TDA Euler Characteristic

Theorem (Euler—Poincaré formula)

For a simplicial complex K, we have

1K) = Y (-1 B(K).

i=0

where B;(K) is the i-th Betti number of K.
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The Foundation of TDA Euler Characteristic

Euler characteristic Curve (ECC)

The ECC (Euler Characteristic Curve) is an extension of the Euler
characteristic that incorporates a filtration process. This allows it to

describe simple directed graphs that are either edge-weighted or
node-weighted.

Definition (filtration function)

A filtration function is a function f: K — R that assigns a real number to
each simplex in K. It induces a family of subspaces

X = (—o]) = xEX: f(X) <1}, rER.
By s <t = X; CX,, we get a filtration of X:

200 E W © 3 € aos
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The Foundation of TDA Euler Characteristic

Under the filtration function f, a simplex cannot appear before any of its
faces. Let x be the Euler characteristic, define

ECC;:R = Z, t— x(Ky).

This is the Euler characteristic curve.
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Topological Learning and Applications in Materials Science

m Proposed the framework of Topological Learning, integrating TDA
with machine learning for data-driven materials science.
m Introduced three representative paradigms of topological learning:

m Explicit Topological Representations: use persistence
diagrams/images, Betti numbers, and Euler characteristic curves as
topological features for machine learning.

m Implicit Topological Regularization: incorporate topological
constraints into the training objective to preserve the intrinsic topology
of data.

m Topology-Aware Architectures: design neural network architectures
that explicitly exploit topological structures.

m Established a general workflow:
Material Structure — Topological Descriptor — Machine Learning —

Structure—Property Relationship.

m Demonstrated that TDA provides robust, interpretable, and
multiscale structural descriptors for complex material systems.
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Topological Learning and Applications in Materials Science

m Reviewed representative applications of TDA in materials science,
including:
m prediction of fundamental material properties;
polymer materials;
glassy materials (medium-range order);
heterogeneous catalysis;
porous crystalline materials (e.g., MOFs/COFs);
m superionic conductors (ion transport networks).

m Highlighted the advantages of TDA over conventional descriptors:
m robustness to noise and perturbations;
m multiscale characterization of structural organization;
m physically interpretable topological features;
m seamless integration with modern machine learning methods.
m Discussed current challenges and future directions, including the
incorporation of chemical information, more expressive filtration
strategies, and topology-aware deep learning models.
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